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POISSON STRUCTURES ON 
COTANGENT BUNDLES 

by 

Gabriel Mitric 


Abstract. We make a study of Poisson structures of T*M which are graded 
structures when restricted to the hberwise polynomial algebra, and give ex¬ 
amples. A class of more general graded bivector fields which induce a given 
Poisson structure w on the base manifold M is constructed. In particular, the 
horizontal lifting of a Poisson structure from M to T* M via connections gives 
such bivector fields and we discuss the conditions for these lifts to be Poisson 
bivector helds and their compatibility with the canonical Poisson structure on 
T*M. Finally, for a 2—form w on a Riemannian manifold, we study the con¬ 
ditions for some associated 2—forms of w on T*M to define Poisson structures 
on cotangent bundles. 


1. Graded Poisson structures on cotangent 

bundles 


Let M be an n—dimensional differentiable manifold and tt : T*M —> M 
its cotangent bnndle. If (x*), {i = are local coordinates on M, we 

denote by (pi) the covector coordinates with respect to the cobasis (dx*)- (We 
assnme that everything is in this paper). 

In this section we discnss graded Poisson strnctnres W on the cotangent 
bnndle T*M obtained as lifts of Poisson strnctnres w on the base manifold 
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M, in the sense that the canonical projection vr is a Poisson mapping (see 

i). 

Denote by Sk{TM) the space of fc—contravariant symmetric tensor helds 
on M and by © the symmetric tensor product on the algebra S{TM) = 
0 Sk{TM). The spaces of hberwise homogeneous /c—polynomials 

k>0 

(1.1) nVk{T*M) := {Q = 

are interesting subspaces of the function space C°°{T*M), and will play an 
important role in this paper. (:= denotes a dehnition). 

The map 

(1.2) ~ : {S{TM), 0) ^ ^ Q ■.= Q , 

where V{T*M) := M) is the polynomial algebra and the dot de¬ 

notes the usual multiplication, is an isomorphism of algebras. 

On T*M we also have the spaces of (hberwise) non homogeneous poly¬ 
nomials of degree < k 

k 

Vk{T*M) :=^nVh . 

h=0 

For k = 1, A(T*M) := Vi(T*M) is the space of affine functions, having 
the elements of the form 

aix,p) = fix) +miX) , 

where / G C'°°(M), X G xi^) (fh® space of vector helds on M) and 
m{X) :=~ X is the momentum of X. (m(X) is X regarded as a function on 
T*M). 

The elements of the space V 2 {T*M) of non-homogeneous quadratic poly¬ 
nomials are 

tix,p) = fix) + mix) + siQ) , 

where Q = Q^^id/dx^) 0 id/dx^) is a symmetric contravariant tensor held on 
M and s(Q) :=~ Q. 

Hereafter, by a polynomial on T*M we always mean a hberwise polyno¬ 
mial. Also, we write / for both / on M, and / o tt on T*M. 
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DEFINITION 1.1. A Poisson structure W on T*M is called polynomially 
graded if VQ, R e V{T*M) 

(1.3) Q G Vh, R & Vk {Q, R}w £ Rh+k ■ 

PROPOSITION 1.2. A polynomially graded Poisson structure W on 
T*M induces a Poisson structure w on the base manifold M, such that the 
projection n : (T*M, W) — {M,w) is a Poisson mapping. 

Proof. Any function / on M is a polynomial (/ o tt) G Vo{T*M). By 
(1-3), yf,9 G C^{M), {f 0 TT,g ott}w G C^{M) and 

(1-4) {f,9}w ■= {f 


defines a Poisson structure w on M. □ 

Hereafter, the bracket { , }w will be denoted simply by { , }. 

If the local coordinate expression of the Poisson structure w introduced 
by Proposition 1.2 is 


(1.5) 



d 


d 

dxi 


Dehnition 1.1 tells us that W must have the local coordinate expression 


( 1 . 6 ) 


W 


1 ij. . d 

-w Px)—- A 

2 ^ ’dx^ 


d 

dxi 


+ +p.5l“(a:)) A A 


d 

dpj 


+ \{Vij{x) + PaBfjix) + PaPbCfj’ix))-^ A ^ , 

where w, ip, p, A, B, C are local functions on M. 

The Poisson structure W is completely determined by the brackets {/, 9 }, 
{m{X), /} and {m{X),m{Y)}, where f, 9 ^ C°°{M) andX, F G x(M), since 
the local coordinates F and pi are functions of this type {pi = m{d/dx^)). 
By (1.3), the bracket {m{X),f} is in Vi{T*M), i.e.. 


(1-7) {m{X), /} = Zxf + m(7x/) , 

where Zxf G C°°{M) and jxf ^ x{M). 

{m{X), . } is a derivation of C°°{M). Hence, Zx is a vector held on M, 
and the mapping 'jx '■ C°°{M) — x{^) cilso is a derivation. Therefore, 
-yxf depends only on df. 
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From the Leibniz rule we get that Z^x = hZx {h G C°°{M)) and 7 must 
satisfy 

(1.8) 7/.x/ = /i7x/ +W/)X. 

The bracket of two affine functions has an expression of the form 


(1.9) {m{X),m{Y)} = P{X, Y) + m{V{X, Y)) + s(T(X, F)) , 


where p{X,Y) e V{X,Y) e x(M) and T(X,F) G S 2 {TM) are 

skew-symmetric operators. If we replace Y by fY in (1.9), the Leibniz rule 
gives that /? is a 2—form on M and 

J V(x, fY) = fV{X, Y) + (Zxf)Y, 

i(V/r) = /'I’(A',K) + (7x/)0y. 


DEFINITION 1.3. A polynomially graded Poisson structure W on T*M 
is said to be a graded structure if VQ G HTh, Vi? G diVk, {Q, R}w ^ RRh+k ■ 
Remark that a polynomially graded structure on T*M is graded iff Zx = 
0, (3 = 0 and F = 0. In this case (1.6) reduces to 


( 1 . 11 ) 


W = 

2 


9 d 
dx^ ^ dx^ 




^PaPbC, 


“Na;) — 

^ ’dp. 


A 


A 

dpj 


As in P], a bivector held W on T*M which is locally of the form (1.6) (respec¬ 
tively ( 1 . 11 )) is called a polynomially graded (respectively graded) bivector 
field. 

PROPOSITION 1.4. If W is a graded bivector field on T*M which is 
n—related with a Poisson structure w on M, there exists a contravariant 
connection D on the Poisson manifold {M, w) such that 


(1.12) {m(X), /} = -m{D,fX) , X G x(M), / G C^{M) . 

Moreover, if W is a graded Poisson structure on T*M then the connection 
D is flat. 

Proof. A contravariant connection on (M, w) is a contravariant derivative 
on TM with respect to the Poisson structure |T0|. 
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The required connection is defined by 


(1-13) DdfX —jxf ■ 

That we really get a connection, which is fiat in the Poisson case, follows 
in exactly the same way as in |p. □ 

The relation (1.12) extends to 

PROPOSITION 1.5. IfQ is a symmetric contravariant tensor field on M 
and Q is its corresponding polynomial then, for any graded Poisson bivector 
field W on T*M, one has 

(1.14) {Q, f}w =—DdfQ ■ 

Proof Ddf of (1.14) is extended to S(TM) by 

k 

(D„Q)ia„ .... at) = XJ(Q(a„ at)) - i: Q{ai,Dd/tti, ...,ak) , 

i=l 

where ai,..., G 0^(M), and Ddf a is defined by 


< Ddf ex, X >— X^ < tt, > — < tt, DdfX >, X G y(iV)f) . 


We put 

(1.15) 


D 


dx'^ 


A. 

dxi 


= -P 


ik 


dx^ 


and by a straightforward computation we get for {Q,f} and —{DdfQ) the 
same local coordinate expression. (See for the complete proof in the case 
of a symmetric covariant tensor field on M.) □ 

In order to discuss the next two Jacobi identities, let us make some re¬ 
marks concerning the operator T of (1.9), which is given in the case of a 
graded Poisson structure on T*M by 


(1.16) {m{X),m{Y)} = s(T(X, F)) , X, F G x(M) . 
With (1.13), the second relation (1.10) becomes 

(1.17) T(X, fY) = /T(X, F) -\{DdfX ® F + F ® DdfX) 
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and this allows us to derive the local coordinate expression of \h. If X = 
X\d/dx^) and Y = Y^{d/dx^), we obtain 

(1.18) m{X,Y)=X^Y^m 

+ a 0 a + A 0 A . 

y dx^ ^ dx^ ^ j dx'- dx^ dx^ dx^ dx^ dx^ 

Remark that d' : TM x TM —> Q^TM is a bidifferential operator of the 
hrst order. 

PROPOSITION 1.6. If we define an operator D^f which acts on T by 

(1.19) (ZldjT)(X,R) := Z1,^(T(X,R)) - T(Z1,^X,R) - ^{X,D,fY) , 
the Jacobi identity 

(1.20) {{m{X),m{Y)}, /} + {{m{Y), /}, m{X)} + {{/, m(X)}, m{Y)} = 0 
has the equivalent form 

(1.21) {D,f^>){X,Y)={) , VX,Rex(M). 

Proof. Using (1.12), (1.14) and (1.16) for Q = ^(X, U), (1.20) becomes 

( 1 . 21 ) . □ 

We also hnd 

(1.22) {Ddf'^fiX, hY) = h(Zl,/T)(X, X) - [Coidf, dh)X] © X 

and hence, we see that (1.21) is invariant by X i—> /X, X i—> gY {f,g G 
C'^{M)) iff the curvature Cd = 0. 

Concerning the Jacobi identity 

(1.23) ^ {{m(X),m(X)},m(X)} = 0, 

(X,Y,Z) 

(putting indices between parentheses denotes that summation is on cyclic 
permutations of these indices) remark that one must have an operator 0 
such that 

(1.24) {s(G),m(X)} = 0(A^) , ^ e x(M), G e SfiM) , 


d d \ 

dx^ ’ dx^ J 
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and Q{G,X) is a symmetric 3—contravariant tensor field on M. 
We get the formnla 


(1.25) e{fG,hX) = fhQ{G,X)-f{Ddf,G)QX+hGQDdfX+{f,h}^GQX, 


and then, the local coordinate expression 


(1.26) 0(G,X) = (^0 


d d 


.ax* 


dx^ dx^ ’ dx^ 


+ - y (G^^^—T 

dx°' 




if^dX'^ , dG'-yi^ ^^dG"^dX^ Odd 


dx°- ^ dx^- ^ ' "" dx°- dx^ ^ dx^ ^ dx^ ^ dx^ 
Using the operator 0, the Jacobi identity (1.23) becomes 


(1.27) 


^ 0 (d/(x,y),z) = o, 

(X,Y,Z) 


and we may snmmarize onr analysis concerning the graded Poisson strnctnres 
on T*M in 

PROPOSITION 1.7. A graded Poisson structure W on T*M with the 
bracket { , } is defined by 

a) a Poisson structure w on the base manifold M such that 


{f,9}w = {f,gU , f,geG°^{M) . 


b) a flat contravariant connection D on {M,w) such that 


{m(X), /} = -m{DdfX) , X&G^{M) . 

c) an operator T : TM x TM —>• ofiTM such that 


{m(X), m(y)} = s(vI/(X, U)) , X, U G x(M) 
and formula (1.21) holds. 

d) an operator 0 defined by (1.24), satisfying (1.27). 

To give examples, we consider the following sitnation, similar to 0. 

Let (M, w) be an n—dimensional Poisson manifold and snppose that its 
symplectic foliation S is contained in a regular foliation X on M, such that 
TX is a foliated bundle i.e., there are local bases {W} {u = l,...,p, p = 
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rank JF) of TjF with transition functions constant along the leaves of T. 
Consider a decomposition 

(1.28) TM = TT , 

where vT is a complementary subbundle of TjF, and JF—adapted local coor¬ 
dinates (x“, y'^) (a = 1,n — p) on M 0. 

The Poisson bivector w has the form 

(1.29) w = ,) A A A („,»« = -A,-) . 

since S' C JF. 

If {/3“}, = 1, ...,p) are the dual cobases of {Yu}, {Yu} (/3“(y),) = 

6 u) then their transition functions are constant along the leaves of JF. 

Now, Va G T*M, a = Cadx'^ EuP'^ and we may consider (a;“, (a, £u) 

as distinguished local coordinates on T*M. The transition function are 

(1.30) F = x^{x), X = y), Cu = -^Ca , £u = al{x)eu . 

PROPOSITION 1.8. Under the previous hypotheses, W given with respect 
to the distinguished local coordinates by 

defines a graded Poisson bivector on T*M. 

Proof. From (1.30) it follows that W of (1.31) is a global tensor held 
on T*M. The Schouten-Nijenhuis bracket [W, W] has the same expression as 
[w,w] on M and thus, the Poisson condition [W, W] = 0 holds. 

To prove that W is graded, we also consider natural coordinates and show 
that the expression of W with respect to these coordinates becomes of the 
form (1.11) (see @). □ 

There are some interesting particular cases of Proposition 1.8: 

a) w is a regular Poisson structure, and the bundle TS is a. foliated bundle; 
in this case we may take JF = 5. 

b) S is contained in a regular foliation JF which admits adapted local 
coordinates (x“,p“) with local transition functions 


X = Pl{x)y^ + . 







{T is a leaf-wise, locally affine, regular foliation.) In this case {djdy^') = 
Y, oy^{,x){d/dy'") and we may use the local vector helds Yu = djdy^ . 

V 


c) There exists a flat linear connection V (possibly with torsion) on the 
Poisson manifold {M,w). In this case we may consider as leaves of T the 
connected components of M, and the local V—parallel vector helds have 
constant transition functions along these leaves. Therefore, we may take 
them as T) {i = 1,..., n). 

In particular, we have the result of c) for a locally affine manifold M 
(where V has no torsion), using as Yi local V—parallel vector helds, and also 
for a parallelizable manifold M (where we have global vector helds Y)). 

As a consequence. Proposition 2.8 holds for the Lie-Poisson structure 
of any dual Q* of a Lie algebra the graded Poisson structure being dehned 

on T*g* = g* xg. 


2. Graded bivector fields on cotangent 

bundles 


In this section we will discuss graded bivector helds on a cotangent bundle 
T*M, which may be seen as lifts of a given Poisson structure w on M, that 
satisfy less restrictive existence conditions than in the case of graded Poisson 
structures. 

Recall the following dehnition from ^j. Let T be an arbitrary regular 
foliation, with p— dimensional leaves, on an n— dimensional manifold V. We 
denote by C^;(iV) the space of foliated functions (the functions on N which 
are constant along the leaves of JF). A transversal Poisson structure of (V, JF) 
is a bivector held w on N such that 

(2.1) {f,g}-.= w{df,dg) , YgeCf^jN) 

is a Lie algebra bracket on CJ^fN). A bivector held w on N dehnes a transver¬ 
sal Poisson structure of {N, JF) ih p 

(2.2) {PYw)\Ann 0 , [w, w] | Ann T.F = 0 , 
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for all V G r(TjF) (the space of global cross sections of TjF), where AnnTT C 
is the annihilator space of TjF. (r2^(iV) denotes the space of Pfaff forms 

on N.) 

The cotangent bundle T*M of any manifold M has the vertical foliation 
T by hbers with the tangent distribution V := T!F. 

Obviously, the set of foliated functions on T*M may be identihed with 
C°°{M). 

PROPOSITION 2.1. Any polynomially graded bivector field W on T*M, 
which is n related with a Poisson structure of M is a transversal Poisson 
structure of {T*M, V). 

Proof. The local coordinate expression of W is of the form (1.6), and W 
is TT—related with the bivector field w dehned on M by the first term of (1.6). 
Then, (2.2) holds, because w is a Poisson bivector on M. □ 

DEFINITION 2.2. A transversal Poisson structure of the vertical foliation 
of T*M will be called a semi-Poisson structure on T*M. 

REMARK 2.3. The structures W of Proposition 2.1 are polynomially 
graded semi-Poisson structures on T*M. 

In what follows, we will discuss some interesting classes of graded semi- 
Poisson structures of T*M. Then, we give a method to construct all the 
graded semi-Poisson bivector helds on T*M which induce the same Poisson 
structure w on the base manifold M. 

Let D be a contravariant derivative on a Poisson manifold {M,w). First, 
Vg e SkiTM), dehne ^DQ e Sk+fiTM) by 


(2.3) 


(‘DQ)(ai,...,akW 


1 

1 , , ■■■■> dij. ■ ■Q-k+l) ) 

ft + i 


where ai,..., G and the hat denotes the absence of the corre¬ 

sponding factor. 

If X = Xfid/dx^) G x(M) then DX, dehned by (DX)(ai, aa) = (D„,X)a 2 , 
is a 2—contravariant tensor held on M, and 


(2.4) 


DX 


■ d 
dx'- 


d 

dxi 


where D^X^ = {DcixiX)dx^ = D^^iX^ — X^D^ixidx^). According to (1.15) we 
must have 


(2.5) 


Dd^^dx^ = ridx^ , 
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and obtain 

( 2 . 6 ) = {dx^fx^ - ridx^ = {x\ X^}^ - rix'^ . 

Then 

WX = -(D^X^ + D^X^)^ © — 

2 ^ ^ dx^ dx^ 

and we get 

(27) ‘DX = + {x^.x%-r»x'‘ - rfJf‘] A 0 ^ . 

PROPOSITION 2.4. Let {M,w) be a Poisson manifold and D a con- 
travariant derivative of {M,w). The bivector field Wi on T*M, of bracket 
{ , }wi defined by the conditions 


(2.8) 

{fyg}wi ■— {f,g}w , 

(2.9) 

{m(X),/K ■.= -m{D,fX) , 

(2.10) 

{m{X),m{Y)}w, = < X, K > 


- <" DX, Y > - < X,^ DY >] , 

where f,g ^ C°°{M), X,Y E x(^) o,nd <,> is the Schouten-Nijenhuis 
bracket of symmetric tensor fields (defined by the natural Lie algebroid of M) 
|1|, ^ defines a graded semi-Poisson structure on T*M which is n—related 
with w. 

Proof. If the local coordinate expression of w is (1.5), nsing (2.7) and the 
properties of <, > ^ we get 

(2.11) 

1 ■ ■ d d d d 

“ 2 ^ dxi dx^ ^ dp, 


TPaPb 


d d 

^ /-pab I ■pba\ ^ /-pab i ■pba's. 

dxX^ ^ ’ dP ^ ^ ’ 


— A — 
^ ' dpi dpj 


REMARK 2.5. The relation (2.10) provides ns the expression of the 
operator '^Wi associated to VPi (see (1.16)): 


(2.12) ^Wi{X,Y) = -{^D <X,Y > - <^ DX,Y > - < Xf DY >) . 
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Now, instead of D we consider a linear connection V on a Poisson mani¬ 
fold (M, w) and define the vector field K on T*M by 

(2.13) K{a) = , a G T*M , 

where : T*M —> TM is dehned by = w{a,f3), \/j3 G and 

the npper index H denotes the horizontal lift with respect to V(i0). In 
local coordinates we get 

(2.14) K = . 

On T*M we have the canonical symplectic form uj = d\ = dpt A dx* 
where A = Pidx^ is the Liouville form, and the vector bnndle isomorphism 

: T*M —^ TM , ixuj G T*M i—^ X G TM 


leads to the canonical Poisson bivector Wq := on T*M. It follows 


(2.15) Wo{dF, dG) = a;(tt(dF), tt(dG'))) , F, G G C^{T*M) , 


and locally one has 

(2.16) 


W„ = ^ A 

opi 


A 


PROPOSITION 2.6. If {M,w) is a Poisson manifold then the bivector 
field 


(2.17) 


W2 = -HkITo 


defines a graded semi-Poisson structure on T*M which is ti— related with w. 
Proof. We get 


(2.18, W2 = A A A + + 2.«ry A , s 


1 

+ ^PaPb 


d 

dxi 




dx 


— {w^’^Tl^+w 


hk 


n,) 


— A — 

dpi dpj 


where VjW°'^ are the components of the (2,1)—tensor held on M dehned by 
X Wxw, X G x(M). □ 
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We will say that W 2 of (2.17) is the graded V—lift of the Poisson structure 
w of M. 

Using local coordinates and the notation of (1.2) we get 

(2.19) CkQ = , 

where D is the contravariant derivative induced by the linear connection V, 
dehned by D^f = (see pf| ). 

From (2.17) we have 

( 2 . 20 ) {Fi,F2}w, ■.= W2{dFr,dF2) 

= 'jiFKiiFi-, F2 }wo) ~ {FrFi-, F2}iyo ~ FkF2}wo) ■, 

where Fi,F 2 e C°°{T*M). 

If Qi,Q 2 £ S{TM), using (2.19) and the relation 

(2.21) {Q, H}wo := < > , Q,He S{TM) 

(see [2, ^]) we get the explicit formula 

( 2 . 22 ) {Qi, Q2 }w2 ^ 2 ~ ^ ^ 

- <" DQi,Q2 >-< Qi,^DQ2 >] . 

PROPOSITION 2.7. The graded V—lift W 2 of w is eharaeterized by: 
i) the Poisson strueture indueed on M by W 2 is w, i.e. 

(2.23) {f,g}w2 = {f,9U , yf,gEC°^{My, 
a) for every f G C°°{M) and X G x(M) 

(2.24) {m{X)J}w2 = -m{D,fX) , 
where D is the contravariant derivative of (M, w) defined by 

(2.25) D^/3 = D^P+^{V.w){a,f3) , a,(5En\M), 

the contravariant derivative D is induced by V and (V.w){a, j3) is the 1—form 
X^iXxw){a,f3). 
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Hi) for any vector fields X and Y of M we have 

(2.26) {m{X)My)}w, = \s{^D < X,Y > 

- <" DX, Y > - < X; DY >) . 

Proof, i) If / G C°°{M) then Df = —XJ and from (2.20), (2.21) and the 
formula 

<QJ>= tidf)Q , / e ^“(M), g e S'p(TM) , 

we get 

{f,9}w, = ~{<Df,g> + < f,Dg >) = ^{XJg-X^f) = {f,g}^ . 

ii) As W 2 is graded, the bracket {m{X), f}w 2 must be of the form (2.24). 
Denoting 

Dd^idx^ = y^dx^ 

(2.18) give us 

(2.27) r« = rf + lv*u>« , 

where 

(2.28) ri" = , 

(r*^ are the coefficients of the linear connection V) and hence (2.25). 

Hi) (2.26) is a direct consequence of (2.22). □ 

Notice from (2.26) that the operator associated to W 2 has the same 
expression as '^W 2 of (2-12), but in the case of Wi the contravariant derivative 
D is induced by a linear connection V on M. 

PROPOSITION 2.8. If the graded semi-Poisson structure Wi is de¬ 
fined by a linear connection on (M, w) then it coincides with W 2 iff w is 
X—parallel. 

Proof. Compare the characteristic conditions of Propositions 2.4 and 2.7 
(or the coefficients of (d/dx^) A (d/dpj) of (2.11) and of (2.18), using (2.28)). 
□ 

We will prove now 
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PROPOSITION 2.9. Let {M,w) be a Poisson manifold and vr : T*M — 
M its cotangent bundle. The graded semi-Poisson structures W on T*M 
which are n—related with w are defined by the relations 

{fi9}w = {f,g}w , {m{X)J]w = -m{DdfX) and 

{m{X),m{Y)}w = s(T(X, F)) , f,geC°^{M),X,YE x{M) 

where D is an arbitrary contravariant connection of {M, w) and the operator 
T is given by 

(2.29) T = To + /l + T, 

where Tq is the operator T 0 / a fixed graded semi-Poisson structure, A : 
TMxTM —> (zfiTM is a skew-symmetric, first order, bidifferential operator 
such that 

(2.30) A(X, fY) = fAiX, Y) - ridf, X)qY , 

where t is a (2,1) —tensor field on M, and T is a {2,2) —tensor field on M 
with the properties T{Y, X) = -T{X, Y) and T{X, Y) E S 2 {TM), VX, Y E 

X{M). 

Proof. If two graded semi-Poisson bivector fields, tt— related with w, have 
associated the same contravariant connection D, it follows from (1.17) that 
the difference T — T is a tensor field T, as in Proposition. To change D means 
to pass to a contravariant connection D = D + t, where r is a (2,1)—tensor 
field on M and from (1.17) again, it follows that A = T — T becomes a 
bidifferential operator with the property (2.29). □ 


3. Horizontal lifts of Poisson structures 


In this section we define and study an interesting class of semi-Poisson struc¬ 
tures on T*M which are produced by a process of horizontal lifting of Poisson 
structures from M to T*M via connections. 

On T*M we distinguish the vertical distribution V, tangent to the fibers 
of the projection tt and, by complementing V by a distribution H, called 
horizontal, we dehne a nonlinear connection on T*M [|^, H. 
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We have {adapted) bases of the form 


f a 1 id d a 1 

(3.1) V = 1^1 . H = span . 

and Nij are the coefficients of the connection dehned by H. 

Equivalently, a nonlinear connection may be seen as an almost product 
structure E on T*M such that the eigendistribution corresponding to the 
eigenvalue —1 is the vertical distribution V 0. 

We assume that the nonlinear connection above is symmetric, i.e., Nji = 
Nij. This condition is independent ||^ on the local coordinates. 

The complete integrability of H, in the sense of the Frobenius theorem, 
is equivalent to the vanishing of the curvature tensor held 

(3.2) R = Rkijdx"- A (g) ^ , R^j = . 

For a later utilization, we also notice the formulas 0, ^ 



O .. ^ 

1 

03 

1 

CO 

1 

dN,k 

’ 6xi 

- ’ 

dx® ’ dpj 


dpj 


Let tc be a bivector on M, with the local coordinate expression (1.5). 
DEFINITION 3.1. The horizontal lift of w to the cotangent bundle T*M 
is the (global) bivector held dehned by 


(3.4) 


w 


H 


-w'^{x)-^ A 
2 ^ ^5x^ 


_S_ 

Sx^ 


PROPOSITION 3.2. Let {M,w) be a Poisson manifold. If the connection 
P on T*M is defined by a linear connection V on M, the bivector defines 
a graded semi-Poisson structure on T*M. 

Proof. In this case the coefficients of P are 


(3.5) Nij = -pfcPj,-, 

where Ph are the coefficients of V and, with respect to the bases {c?/c?x*, d/dpj}, 
the local expression of becomes 


(3.6) 




dx'^ 


A 

dpj 
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+ 2^ ^ki^hjPaPbQ^^ A . □ 

PROPOSITION 3.3. The horizontal lift is a Poisson bivector on the 
cotangent bundle T*M iff w is a Poisson bivector on the base manifold M 
and 


(3.7) R(Xf,X") = 0, 

where Xf denotes the usual horizontal lift from M to T*M, of the 

w—Hamiltonian vector field Xf on M. 

In this case, the projection vr : (T*M, w^) —> (M, w) is a Poisson map¬ 
ping. 

Proof. We compute the bracket [w^,w^] with respect to the bases (3.1) 
and get that the Poisson condition [w^,w^] = 0 is equivalent with the pair 
of conditions 


(3.8) 




w 


,hk 


dx’^ 


0 , w^^w^’^Rkih = 0 . 


(Putting indices between parentheses denotes that summation is on cyclic 
permutations of these indices.) 

The hrst condition (3.8) is equivalent to [ta,w] = 0 and the second is the 
local coordinate expression of (3.7). □ 

Notice that the condition (3.7) has the equivalent form 

(3.9) Rmf, mf) = 0, V«, f3 e n\M) . 


REMARK 3.4. If w is dehned by a symplectic form on M, condition (3.8) 
becomes R = 0. 

COROLLARY 3.5. If {M,w) is a Poisson manifold and the connection 
P on T*M is defined by a linear connection V on M, the bivector de¬ 
fines a Poisson structure on T*M iff the curvature Cd of the contravariant 
connection induced by X onTM vanishes. 

Proof. If R^ij are the components of the curvature Ry then 

(3.10) R,,, = -pnRl,^ 
and (3.9) becomes 

(3.11) Rv(tta, mz = 0 , Va, /? e VlfiM) , VZ e x(M) , 
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(or, equivalently 


(3.11') i?v(X/,X,)Z = 0 , Wf,ge VZ e x(M) .) 

This is equivalent to (Td = 0. □ 

In the case where is a Poisson bivector, it is interesting to study its 
compatibility with the canonical Poisson structure Wq of (2.15). 

PROPOSITION 3.6. If is a Poisson bivector, then it is compatible 
with Wq iff 

( 3 . 12 ) _ + = 0 . = 0 . 

Proof. By a straightforward computation we get that the compatibility 
condition [w^, W] = 0 is equivalent to (3.12). □ 

The Bianchi identity 

(3.13) Rkij + Rijk + Rjki = 0 , 

shows that the second relation (3.12) implies (3.7). Then 

COROLLARY 3.7. If {M,w) is a Poisson manifold and the cotangent 
bundle T*M is endowed with a symmetric nonlinear connection, then is 
a Poisson bivector on T*M compatible with ITo iff conditions (3.12) hold. 
REMARK 3.8. Considering the isomorphism 

^{Xkd/dpk)=Xkdq\ 

where u G T*M and H* is the dual space of H„, the second condition (3.12) 
may be written in the equivalent form 

(3.14) [T(R(X, Y))](tt^a)^ = 0 , VX, Y e x(T*M), Va G 0'(M) . 


We recall that a symmetric linear connection V on a Poisson manifold 
(M, w) is called a Poisson connection if Vw = 0. Such connections exists iff 
w is regular, i.e. rank w = const (see [pT[|). 

PROPOSITION 3.9. Let (M,w) be a regular Poisson manifold with a 
Poisson connection V. Then, the bivector , defined with respect to V, is 
a Poisson structure on T*M compatible with the canonical Poisson structure 
the 2—form 


(3.15) (X, Y) R^{X, Y)(tt^a) , X, Y G x(M) 
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vanishes for every Pfaff form a on M. 

Proof. With (3.5), the first condition (3.12) becomes Vtc = 0, which we 
took as a hypotheses. The second condition (3.12) becomes 

W^^R^hjk = 0 ) 

and we get the required conditions. □ 

REMARK 3.10. If w is dehned by a symplectic structure of M then (3.15) 
means Ry = 0. 


4. Poisson structures derived from 
differential forms 


If a; is a 2—form on a Riemannian manifold (M, g) we associate with it a 
2—form ©(a;) on the cotangent bundle tt : T*M —> M, and considering 
(pseudo-) Riemannian metrics on T*M related to g, we study the conditions 
for ©(a;) to produce a Poisson structure on this bundle. 

Let (M, g) be a n—dimensional manifold and V its Levi-Civita connec¬ 
tion. If Ph are the local coefficients of V, a connection P with the coefficients 
(3.5) is obtained on T*M. 

The system of local 1—forms {dx\Spi), {i = 1, ...,n), where 

(4.1) 6pi := dpi + Nijdx^ 

dehnes the dual bases of the bases {6 / Sx\ d/dpi}. 

The components of the curvature form are given by (3.2). Since the con¬ 
nection is symmetric, the Bianchi identity (3.13) holds. The elements of 
(3.3) are 

(4.2) = r‘ . 

The Riemannian metric g provides the ’’musical” isomorphism jj^ : T*M — 
TM and the codifferential 

(4.3) 5, : Q\M) , 
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where A; > 1, 


a = —ai^,,,i^dx^^ A ... A hx*'' G Vt^{M) 

and {g^^) are the entries of the inverse of the matrix [gij) 
Let ^ 

uj = -uJij{x)dx^ A dx^ , ujji = —uJij , 

be a 2—form on M. 

DEFINITION 4.1. The 2—form 0(a;) on T*M given by 


(4.4) 


©(a;) = 7i*uj — dX , 


where A is the Lionville form, is said to be the associated 2—form of u. 
With respect to the cobases {dx\ 6pi) we get 


(4.5) 


©(o;) = -uJij{x)dx^ A dx^ + dx* A 6pi 


Now, we consider two (pseodo-) Riemannian metrics Gi and G 2 on T*M 
and study the conditions for the bivectors hR = jlGi©(x'), (i = 1, 2) to dehne 
Poisson structures on T*M. The Poisson condition [fR, ITj] = 0, z = 1, 2 is 
equivalent to |]T^ 


(4.6) (5Gi(0(t^) A ©(cn)) = 20(a;) A dGi0(t^) , z = l, 2 . 

First, consider ^ the pseudo-Riemannian metric Gi of signature (n, n) 

(4.7) Gi = 26pi © dx* . 

To hnd the condition which ensure that (4.6) holds, we need the local expres¬ 
sion of the CO differential ^Gi of Gi. Denote by V the Levi-Civita connection 
of Gi, and for simplicity we put 


(4.8) 

V is dehned by 

(4.9) 


V, = V_1_ , V = VjL 

5a:® 9pi 


~ d ~ d 

V*_= 0 V-=-P-^ 

OPj Opj 


d 


V* A = n V — = r'' — - — 
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PROPOSITION 4.2. The bivector {1(510(0;) defines a Poisson structure 
on the cotangent bundle T*M iff uj is a closed 2—form on M and P“j = 0, 
Vi = 1, ...,n. In this case 0(a;) is a symplectic form. 

Proof. The proof is by a long computation in local coordinates. After 
computing the exterior product 0(o;) A 0(a;) we get 

(4.10) 5(5i(0(a;) A 0(o;)) = 7 ^ X! '^i^jkdP' A dx^ A dx^ . 

Then, we compute 5(5i0(a;) and obtain 

(4.11) 0(a;) A (5 gi0(o;) = 7 ^ X! dx^ ^ dx^+ 

OjA) 


+ ((5^"PT - 5'lVP)dx^ A dx^ A 5pk • 

(4.6) implies 

(4.12) = 


Making the contraction k = j it follows that PA = 0. Conversely, if PA = 0 
then (4.12) holds. Also, since V is symmetric, we get 


E 


dx^ 


^ ) V iUlj . 


Therefore, the condition X) = 0 is equivalent to do; = 0. □ 

Let us consider now the Riemannian metric of Sasaki type 


(4.13) G 2 = Qijdx^ 0 dx^ + g^'^dpi 0 5pj 

(see for the Sasaki metric). 

LEMMA 4.3. The local coordinate expression of the Levi-Civita connec¬ 


tion V of G 2 is 

(4.14) 


- ^ - d 1 6 d 


dpj 

5 1 


fc ^ ^ _ "pfe ^ ^ p .. ^ 

6qi 2 ^ 6q^ ’ ^ 6qi 6q^ 2 dpk 
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where we used again the notations of (4.8) and (also Bd^ are obtained 
from Rkij by the operation of lifting the indiees, i. e. 

rt i g g -tiabi ) ^ j g g ^ajb ■ 

Proof. The result is proved by a straightforward computation. □ 
PROPOSITION 4.4. The bivector (5 g2 0(i^) defines a Poisson structure 
on the cotangent bundle T*M iff 

(4.15) Vi.) = 0, = oj'^R'U = a, 

where uj°‘^ = g°‘''g^^ujij are the components of the bivector w = on M. 
Proof: By a new long computation again, we get 

^(5 g2 (0 (cc;) a ©(cu)) = bOijUkb)dx" A dx^ A dx^- 

E i'^aU:^JS’f)dP A dx^ A Spk + ^Uab(R^^’’Si - W^^d'OdP A 5pg A 5pk 
dPM) 

and 

©(cu) A 5^20(i^) = 7^ E ('^G2©(‘^))fc'^^* A dx^ A dx^+ 

■ (ipT) 

+|['5,*(>5^8(0.)), - A dx’ A dp, , 

where 

( 5 g 2 0 ( c <.;) = {5G^Q{uj))f,dx'" = g'^^iVaUJkb - ^Rabk)dx^ . 

Identifying the coefficients, the Poisson conditions (4.6) for IP 2 becomes: 

(4.16) E = 0, E i^aC0^Mb = 0, 

{ipT) 

Vo. = 0 , = 


u^^Rl, = 0 . 


(4.17) 
and 

(4.18) 
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Let us remark that the conditions (4.17) implies (4.16), because, if Vo; = 0 
then VaU!ij = 0, and g^'^R^aU = 0 implies = 0. □ 


REMARK 4.5. If the bivector jjG20(‘^) dehnes a Poisson structure on 
T*M then w = jj^o; dehnes a Poisson structure on M, as the second condition 
(4.16) is equivalent to the Poisson condition 
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= 0 . 


(The local coordinate expression of w is (1.5).) 

COROLLARY 4.6. If ® Poisson bivector on T*M, then the 

scalar curvature r of (M, g) vanishes. 

Proof: The expression of r is r = g°‘^Rab , where Rba = R^kb — ^ab are 
the components of the Ricci tensor, and if we make the contraction k = i in 
the second relation (4.15) we get = 0, and whence r = 0. □ 
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